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Matching Book Thickness of Halin Graphs
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Abstract
The matching book embedding of a graph G is to arrange its vertices on the spine, and
draw its edges into the pages so that the edges on every page do not intersect each other
and the maximum degree of vertices on every page is one. The matching book thickness is
the minimum number of pages in which the graph G can be matching embedded. In this
paper, the matching book thickness of Halin graphs is determined.
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1 Introduction
Book embeddings, first introduced by Bernhart and Kainen[1], are a graph layout style with
numerous applications (see chung [2]). A book consists of a line in 3-space, called the spine, and
a number of pages, each a half-plane with the spine as boundary. A book embedding (β, σ) of a
graph consists of a linear ordering σ of the vertices, called the spine ordering, along the spine of
a book and an assignment β of edges to pages so that edges assigned to the same page can be
drawn on that page without crossings. The book thickness of a graph G is the minimum number
of pages in a book embedding of G.
A book embedding of graph G is matching if the degree of vertices on each page is at most one.
The matching book thickness of graph G is the smallest k such that G has an k page matching
book embedding, denoted by mbt(G). A graph G is dispersable if mbt(G) = ∆(G), where ∆(G)
is the maximum degree of G.
Notice that there are so many results on the book thickness of graphs[3−6]. But, comparing
with this, there are only few results on the matching book thickness of a graph. Moreover,
the exact computation of the matching book thickness is known for very few classes of graphs.
Complete bipartite graphs Kn,n (n ≥ 1), even cycles C2n (n ≥ 2), binary n-cube Q(n) (n ≥ 0) and
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trees are dispersable[1,7]. Kainen[8] shows that mbt(Cm × Cn) = 4, when m,n are both even and
mbt(Cm×Cn) = 5, when m is even, n is odd. For a complete graph Kn, Overbay
[7] computes that
mbt(Kn) = n. Z.L. Shao, Y.Q. Liu, Z.G. Li
[9] calculate that mbt(Km × Cn) = ∆(Km × Cn) + 1
for m,n ≥ 3.
A tree with no vertex of degree 2 is called a homeomorphically irreducible tree (HIT)[10]. A
Halin graph H = T ∪ C is a simple planar graph consisting of a HIT T with at least 4 vertices
and a cycle C induced by the set of leaves of T . The HIT T is called the underlying tree of H .
A wheel graph is an example of a Halin graph, where the underlying tree is a star. In particular,
Halin graph H is called a cubic Halin graph if ∆(H) = 3.
In this paper, we compute that the matching book thickness of a Halin graph H as follows.
Main Theorem:
mbt(H) =
{
4, ∆(H) = 3;
∆(H), ∆(H) ≥ 4.
2 The Proof of Main Theorem
The proof will be completed by a sequence of lemmas.
Lemma 2.1.
[7] For any simple graph G, ∆(G) ≤ χ′(G) ≤ mbt(G), where χ′(G) is the chromatic
index of G.
Lemma 2.2. Let Wm be a wheel graph with m vertices (m ≥ 4),
mbt(Wm) =
{
4, m = 4;
∆(Wm), m ≥ 5.
Proof. (1)When m = 4, W4 is K4. Hence mbt(W4) = 4.
(2)When m ≥ 5, assume Wm = Sm ∪ C, where Sm is a star with one interior vertex u and
m− 1 leaves v1, v2, · · · , vm−1, C is the induced circle. On one hand, mbt(Wm) ≥ ∆(Wm) follows
by Lemma 2.1. On the other hand, we embed the vertices of Wm along the spine according to the
following ordering of v⌊m−1
2
⌋, v⌊m−1
2
⌋−1, v⌊m−1
2
⌋−2, · · · , v1, u, v⌊m−1
2
⌋+1, v⌊m−1
2
⌋+2, · · · , vm−1. All edges
of Wm will be placed on the pages in a matching manner as follows.
Page i: the edges {(uvi), (vi+1vi+2)}, for 1 ≤ i ≤ m− 3;
Page m− 2: the edges {(uvm−2), (vm−1v1)};
Page m− 1: the edges {(uvm−1), (v1v2)}.
Therefore mbt(Wm) ≤ m − 1 = ∆(Wm). The result is established (See Fig.1 for the case
m = 7 and m = 8).
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Fig.1 The matching book embedding of W7(left) and W8(right).
Lemma 2.3.
[7] For a regular graph G, G is dispersable only if G is bipartite.
Lemma 2.4.
[9] Let G be a simple graph.
(i) If G has an n-book matching embedding with printing cycle v1, v2, · · · , vp, then G also has
an n-book matching embedding with printing cycle v2, · · · , vp, v1.
(ii) If G has an n-book matching embedding β with printing cycle v1, v2, · · · , vp, then G also
has an n-book matching embedding β− with printing cycle vp, · · · , v2, v1.
Lemma 2.5. If H is a cubic Halin graph, then mbt(H) = 4.
Proof. The graph H is not bipartite as it contains at least one 3-cycle . According to Lemma 2.3,
H is not dispersable. Hence mbt(H) ≥ ∆(H) + 1 = 4.
Let H = T ∪ C, where T is the underlying tree of H and C the cycle induced by the set of
leaves of T . Next we prove mbt(H) ≤ 4 by induction on number n of nonleaf vertices, i.e. the
number of vertices inside C. By the definition of Halin graph, H contains at least one interior
vertex which is adjacent to at least two leaves of T . If n = 1, then H = W4, by Lemma 2.2 we
know that mbt(H) ≤ 4.
Suppose mbt(H) ≤ 4 holds for n = 1, 2, · · · , m. Now consider a cubic Halin graph H with
m+ 1 interior vertices. Assume we have a standard planar embedding of H = T ∪C, where T is
a tree and not a star, C is the exterior cycle.
Assume w is a interior vertex of H whose has neighbours on C, in counterclockwise order,
denoted by v1, v2 (See Figure.2 (a)). Because deg(w) = 3, w has only one other neighbour which
is denoted by u. Let x be the vertex on C before v1 and y the vertex on C after v2. Note that
x 6= y.
Now consider the graph H ′ obtained from H by contracting w, v1, v2 to a single vertex w
′ as
shown in Figure.2 (b). The graph H ′ is still a cubic Halin graph with m interior vertices. By
induction, there is a matching book embedding of H ′ in a 4-page book. We line the vertices
of H ′ up on the spine according to such a matching book embedding. By Lemma 2.4, it is
enough to consider two kinds of vertex orderings on the spine: (1) · · · , x, · · · , w′, · · · , y, · · · ; (2)
· · · , y, · · · , w′, · · · , x, · · · (See Figure.2 (d) and (f)).
Now we construct a matching book embedding of H from that of H ′ by replacing the vertex w′
by three vertices w, v1, v2 on the spine in the order v1, w, v2. Without loss of generality, assume the
edges w′u, w′x, w′y assigned to the page 1, 2, 3 respectively in the matching book embedding of H ′.
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Now we assign the edges wu, v1x, v2y to the page 1, 2, 3 respectively, and the edges wv2, wv1, v1v2
to the page 2, 3, 4 respectively as shown in Figure.2 (c) and Figure.2 (e) corresponding to the
above two vertex oderings; Other edges of H are assigned to the same page as that of H ′. It is
easy to see that we get a matching book embedding of H in 4-book. Hence mbt(H) ≤ 4. The
result is established.
Fig.2 (a)The cubic Halin graph H . (b)The reduced graph H
′
. (c)The matching book
embedding of H in case 1. (d)The matching book embedding of H ′ in case 1. (e)The matching
book embedding of H in case 2. (f)The matching book embedding of H ′ in case 2.
We will calculate the matching book thickness of a Halin graphH when ∆(H) ≥ 4 by induction
the number of interior vertices of H .
Lemma 2.6. If H is a Halin graph with ∆(H) ≥ 4, then mbt(H) = ∆(H).
Proof. According to Lemma 2.1, mbt(H) ≥ ∆(H). Next we prove mbt(H) ≤ ∆(H) by induction
on number n of nonleaf vertices, i.e. the number of vertices inside C. By the definition of Halin
graph, H contains at least one interior vertex which is adjacent to at least two leaves of T . If
n = 1, then H = Wm, by Lemma 2.2 we know that mbt(H) ≤ ∆(H).
Suppose mbt(H) ≤ ∆(H) holds for n = 1, 2, · · · , m. Now consider a Halin graph H with m+1
interior vertices. Assume we have a standard planar embedding of H = T ∪ C, where T is the
underlying tree, C is the exterior cycle.
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Let P be a path of maximum length in T . Because T is not a star the length of P is at least
3. Let v be an endpoint of P and w its neighbour on P . Assume the neighbours of w on C,
in counterclockwise order, are v1, v2, · · · , vk (one of them is v) (see Figure.3 (a)). Let x be the
vertex on C before v1 and y the vertex on C after vk. Note that x 6= y. Because P was a longest
path, w has only one other neighbour which is denoted by u.
In a similar way as the above proof, consider the graph H ′ obtained from H by contracting
w, v1, v2, · · · , vk to a single vertex w
′ (see Figure.3 (b)). H ′ is still a Halin graph with m interior
vertices. It is enough to consider following two cases:
Case 1: 4 ≤ ∆(H ′) ≤ ∆(H).
By induction, mbt(H ′) ≤ ∆(H ′). That is to say, there is a matching book embedding of
H ′ in a ∆(H ′)-page book. We embed the vertices of H ′ along the spine according to such a
matching book embedding. According to Lemma 2.5, it is sufficient to consider two kinds of
vertex orderings of H ′ on the spine. Suppose the two orderings are: · · · , x, · · · , w′, · · · , y, · · · and
· · · , y, · · · , w′, · · · , x, · · · (see Figure.3 (d) and (f)). Now we construct a matching book embed-
ding of H from that of H ′. First, we replace the vertex w′ by k+1 vertices w, v1, v2, · · · , vk on the
spine in the ordering of v⌈k
2
⌉, v⌈k
2
⌉−1, v⌈k
2
⌉−2, · · · , v1, w, v⌈k
2
⌉+1, · · · , vk. Without loss of generality,
assume the edges w′u, w′x, w′y are assigned to the page 1, 2, 3 respectively in the matching book
embedding of H ′. Next we consider the matching book embedding of H from the following two
kind of situations.
(I) deg(ω) = k + 1 = ∆(H)
Whatever vertices ordering on the spine we choose from the two above orderings, We assign
the edges of H to the ∆(H) pages as follows.
Page 1: the edges {(wu), (v1v2)};
Page 2: the edges {(wvk), (v1x)};
Page 3: the edges {(wvk−1), (vky)};
Page 4: the edges {(wv1), (v2v3)};
Page 5: the edges {(wv2), (v3v4)};
· · · · · ·
Page i: the edges {(wvi−3), (vi−2vi−1)};
· · · · · ·
Page k + 1: the edges {(wvk−2), (vk−1vk)};
Other edges of H are assigned to the same page as that of H ′. It is easy to see that we get
a matching book embedding of H in ∆(H)-book. Hence mbt(H) ≤ ∆(H) (See Figure.3 (c) and
(e) for the case k = 5).
(II) deg(ω) = k + 1 < ∆(H)
In the same way as above, we can construct a matching book embedding of H from that of
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H ′. If deg(ω) = k + 1 < ∆(H), then ∆(H) = ∆(H ′), i.e. deg(ω) < ∆(H ′). In this case, the
edges added in the process of constructing H from H ′ can be placed in the k + 1 pages of ∆(H ′)
pages in the same matching manner as the situation (I); Other edges of H are embedded to the
same page as that of H ′. It is easy to see that we obtain a matching book embedding of H in
∆(H ′)-book. Hence mbt(H) ≤ ∆(H ′) = ∆(H).
Case 2: ∆(H ′) = 3.
Namely H ′ is a cubic Halin graph and the vertex w is a unique one vertex with deg(w) =
∆(H) ≥ 4. By Lemma 2.5, mbt(H ′) = 4. In a similar way as the situation (I) in case 1, we can
construct a matching book embedding of H in a ∆(H)-page book. Hence mbt(H) ≤ ∆(H).
In summary, we get mbt(H) = ∆(H). The result is established.
Fig.3 (a)The Halin graph H . (b)The reduced graph H
′
. (c)The matching book embedding of
H in the first vertex order. (d)The matching book embedding of H ′ in the first vertex order.
(e)The matching book embedding of H in the second vertex order. (f)The matching book
embedding of H ′ in the second vertex order.
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